The coherent emission from ionized nitrogen molecules is of interest for remote sensing and astronomical applications. To initiate the lasing process, we used an intense ultrashort near-infrared (NIR) pulse overlapped with a terahertz (THz) single-cycle pulse. We observed that coherent emission could be seeded and modulated by the amplitude of the THz field, which is the result of a combined effective second-order nonlinear polarization and the nonlinear effects induced by the NIR pump. Our results shed new light on the role of intense transient fields in the coherent emission from photoexcited gas molecules.
# ( ′ = 0, 1)) (see also Fig. 1 (c) for potential energy diagrams). Such observations show narrowband amplification at the frequencies corresponding to molecular transitions. Those are seeded, for instance, by harmonics of the near-infrared (NIR) pump pulse [7] [8] [9] , white light [10] , or self-seeded by the pump's supercontinuum itself [10] [11] [12] . Such reports have reinforced the idea that a lasing process is at the origin of the coherent emission. However, the mechanism responsible for the gain is still not fully understood, although it is likely that laser-driven couplings between electronic states in the ion [13, 14] , and rotational effects [15] [16] [17] [18] [19] [20] [21] play a role.
Here, we report our experimental observation and analysis of the effect of a strong terahertz (THz) electric field on the coherent emission from photoexcited nitrogen ion molecules, as outlined in Figs. 1(a) and 1(b). We show a correlation between the THz field amplitude and the coherent emission at both 391 nm and 428 nm wavelengths. We interpret our results as a consequence of the THz electric field induced symmetry-breaking of the gas molecules. This, in turn, leads to a THz-controlled seeding of the coherent emission by means of the THz induced second-harmonic of the near-infrared pump pulse.
In our investigations, we used a single-cycle pulse at THz frequencies as a strong electric field. The THz transient was generated by the transverse photocurrents induced through gas ionization via a laser pulse at 1.8 μm carrier combined with its second harmonic. The THz pulse's bandwidth (~15 THz) was centered at ≃5 THz, with a duration of ≃90 fs, and a peak field amplitude of ≃4 MV/cm. The THz field was recorded using air-biased coherent detection [22] , as presented in Ref. [23] . The 790 nm NIR pump pulses were emitted by a Ti:Sapphire laser (Thales, France) at 100 Hz repetition rate with a duration of 45 fs. The NIR and THz beams were focused at the same spatial coordinate. The experiment was conducted in a purged nitrogen atmosphere at a pressure of 1 atm. The THz beam was focused by a 5 cm diameter, off-axis, gold coated parabolic mirror with 5 cm equivalent focal length. We measured the THz beam profile at the focus of the parabolic mirror using an infrared camera (PV-320, Electrophysics) and found the shape to be a Bessel-Gaussian, with a diameter of ≃100 μm (full width at half maximum) and a Rayleigh range of <1 mm (see Ref. [24] for more details). The 790 nm beam was focused by a 150 mm focal length lens (with a resulting spot size of ~50 μm) and overlapped to the THz beam through a hole in the focusing parabolic mirror, such that collinear propagation for the two beams could be achieved.
After passing through a polarizer, collimating lens and a short-pass filter (Newport, BG40) the forward emitted UV radiation from the plasma was captured by an imaging spectrometer (MS-260i, Newport) featuring a cooled charge-coupled device (620i, QSI). We compared NIR pump pulses with an energy of U1≃100 μJ, which produce a visible plasma spark in the beam focus, with pulses of energy U2≃50 μJ, which do not produce a visible plasma. Given our experimental conditions at the focus, the resulting peak intensities amount to ~2.5×10 14 W/cm 2 and ~1.25×10 14 W/cm 2 , respectively, when not accounting for intensity clamping [25, 26] . However, due to clamping effects, we assume the effective peak intensity to be below 1×10 14 W/cm 2 for both cases. Figure 1(d) shows the normalized spectra in the NIR region, where broadening and blue-shifting of the input pump field is evident at high energies U1.
When a portion of the THz field is overlapped in time with the NIR pump pulse, a broadband UV light at the second harmonic of the pump wavelength is produced. This is typically understood as a symmetrybreaking effect induced by the THz electric field resulting in a second-order nonlinear process, named
Electric-Field-Induced Second Harmonic Generation (EFISH) and can be employed to measure the driving THz electric field [27] [28] [29] . Such an effect can be modeled as the combination of two sidebands of a third-order nonlinear optical interaction (namely one sum-frequency and one difference frequency generation process). The normalized UV spectra resulting from the interaction are shown in Fig. 2(a) . It We interpret these measurements as follows; on the one hand, the THz radiation induces an EFISH signal, see, e.g., the blue shaded curve of Fig. 2(a) . At sufficiently high NIR pulse energies, the nitrogen molecules start to be ionized, while the EFISH photons stimulate the emission from the gain established between the
# states (in the following abbreviated as B and X). In turn, this leads to a narrowband amplification of the EFISH components at the frequency of the = 0 → 4 = 0, 1 transitions. Recent literature confirms that coherent emission can be established in conditions similar to those of our experiment for the case of U1 [6, 12] . This narrowband amplification is evident from Figs. In Figure 2 we considered the UV radiation emitted by the THz-NIR interaction at a specific time delay ( = 0) between the two pulses. The zero delay was defined as the delay stage coordinate for which the incoherent EFISH signal was maximum. Next, we recorded the spectrogram of the UV radiation emitted by the two-pulse interaction, i.e., the spectrum as a function of the delay between such pulses, using a 15fs step size for the time axis. The logarithm of the normalized spectrograms for U1 and U2 is shown in Interestingly, the coherent emission at both wavelengths is delay-modulated and closely follows the amplitude of the measured THz electric field. We highlight this observation in Figure 3 Ref. [30] . The modulation of the 391 nm coherent emission can be interpreted as the consequence of the modulation of the seeding EFISH photons (see Appendix A). The EFISH process gives indeed rise to a delay-modulated signal close to the second-harmonic wavelength (395 nm) of the NIR pump pulse (790 nm), see Ref. [30] . Away from such wavelength, the modulation visibility is expected to reduce and disappear quickly, as shown in the orange curve obtained by a lineout of the spectrogram in Fig. 3 (c) at 400 nm. However, we experimentally observe that the 428 nm emission still follows the THz modulation with good visibility. This can be understood merely as a consequence of the pump pulse self-steepening induced by nonlinear propagation [3] , thus leading to the formation of a shock front, which is confirmed by the broad blue-shifted pump spectrum shown in Fig. 1(d) .
We also not that pulse to pulse instabilities are evident from the discontinuities in the spectrogram, e.g., at ~50 fs and 415 nm. Such discontinuities are not averaged by the 30s long acquisition time in the spectrogram and, therefore, identifies delay-spectral coordinated where the pulse instabilities play the most significant role in the nonlinear processes involved (pulse compression, and wave mixing).
In order to simulate the generation and modulations of the UV seed, we model the EFISH process starting from the underpinning four-wave mixing, as detailed in Refs. [30, 31] . This considers the nonlinearly emitted radiation as the scattering from a source with time-dependent polarization given by: [22] .
where t is the time axis, and τ is the relative delay between the THz and the pump pulse, the latter being the driving pulse in our experiment. The sum and the difference frequency generation processes that are at the basis of the EFISH generation have, however, different efficiencies due to their respective longitudinal phases [32] . This can be phenomenologically modeled by introducing an imbalance parameter ϵ. Recalling Ref. [30] , the resulting spectrogram amplitude can be described as:
where ω is the frequency coordinate of the Fourier transform. The characteristic horseshoe shape can also be identified in the experimental results presented in Figs. 3(a) and 3(b) . It is important to note that our calculations also take into consideration the self-steepening of the pulse's trailing edge, as expected from nonlinear dynamics in the presence of ionization [3] . This type of temporal shaping leads to a broadening of the Fourier spectrum, which is also observed experimentally (see Fig. 1(d) ) and thus gives rise to additional weaker seed modulations at 428 nm. In our simulations, the pump pulse duration was set to the experimentally measured value of 45 fs while the imbalance parameter was tuned to = 0.6 in order to match the experiments illustrated in Fig. 3(c) . The experimental spectrogram presented in Fig.   3 (a) shows that no coherent emission is observed unless the two pulses are temporally overlapped. In addition, the observed emission intensity modulation is almost thresholdless for the THz field amplitude.
While several mechanisms could in principle lead to a THz-induced modulation of the air-laser emission (see Appendix B), we conclude that gain seeding in the plasma from the EFISH process is responsible for the observed effect.
In summary, we have demonstrated that THz radiation can control the coherent emission from molecular nitrogen ions in air via a nonlinear seeding mechanism, shedding new light on the instantaneous nature of the pump-induced gain process. In particular, we have shown that EFISH can seed the observed coherent emission. Although no coherent emission could be recorded counterpropagating the pump and THz direction, the proportionality of the UV signal to the square of the THz electric field could be further exploited as a means for remote THz detection.
It remains an open question whether a strong THz field could directly affect the mechanism leading to the observed gain in photoexcited nitrogen, e.g., via the control of the molecular rotational states.
Appendix A. Gaussian pump model for four-wave mixing leading to EFISH Figure 5 below and Ref. [30] both show that EFISH modulated seeding using a simple temporal Gaussian pump pulse (790 nm, 45 fs) is achievable via four-wave mixing (FWM) mostly below ~400 n, and in particular, not at 428 nm. In contrast, our experimental results reveal a seed modulation at 428 nm. As presented in Fig. 4 , we include a shock front term in our model, which ultimately leads to a spectral broadening of the driving pump pulse and enhanced modulation at the spectral wings. Note that all simulations include a fitted linear chirp in the carrier of the pump pulse which spans the entire measured bandwidth. We found that the implementation of this linear chirp leads to an improved fit in the numerically calculated FWM amplitudes ( , ), particularly in the ratio between the two lobes of the FWM interaction.
Appendix B. Ruling out alternative mechanisms that could lead to THz-induced modulation of coherent emission
In what follows, we discuss the mechanisms that may enable the THz electric field to modulate emissions from the nitrogen cation " # .
(a) Inelastic collisions. It is known that strong THz radiation can accelerate free carriers due to its large ponderomotive energy. The heated electron gas could then transfer energy to high-lying nitrogen states (i.e., " ( F Π b )) via inelastic collisions, providing a pathway to increased ionization. J. Liu and coworkers have indeed observed this process, reporting an enhancement in the molecular nitrogen fluorescence (captured perpendicular to the propagation direction) in the presence of both a two-color generated plasma and a strong THz field [33, 34] . Specifically, they have shown how this process leads Fig.3(c) . In addition, the step-wise energy transfer mechanism suggested in Ref. [34] would lead at best to an enhancement in the ionization yield of the X state, and not in B or " Π ' # . Also, Liu et al. do not report significant THz-modulated enhancement of the → (0→0 and 0→1) transitions in the forward direction. This suggests that the mechanism underpinning our observations is of different nature [33] .
(b) Molecular rotation effects. A number of recent works address processes involving the rotational alignment of diatomic molecules under strong non-resonant fields in the presence of resonant THz field [35] [36] [37] . Indeed, a strong THz field is capable of aligning and orienting molecules [38, 39] , and recently, field-free alignment of neutral N2 with single-cycle THz fields has been observed [40] .
However, we exclude this to be at the origin of the coherent emission observed in our work, as nonadiabatic molecular alignment is comparatively slow with respect to the gain dynamics observed in N2 + air lasing [21] . Furthermore, the molecular orientation is reportedly a function of the THz intensity profile, rather than the instantaneous electric field. Hence no modulation is expected at the THz carrier frequency.
